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We consider extended chiral group Eχ of gauge plus chiral transforma-
tions of the quark path integral in the background gauge and present novel
type of color solitons described by the effective action resulting from bosoniza-
tion. O(3) solitons are formed by a chiral field including parameters with di-
quark quantum numbers within symplectic subgroup of Eχ , as well as within
complete Eχ; isolated solitons (i.e. solitons in gluonic vacuum) can be stable
due to proper asymptotics induced by background vacuum, their topological
charge starts from ±4
3
and does not coincide with the baryon number, as if
notions of left anf right were dependent also on non-abelian directions in such
a SU(2) group, where the baryon number defines a diagonal generator.
Understanding world of color solitons is important in an non-perturbative approach to
the low energy hadron physics. One of the problems is to include color chiral anomalies
[1] in the total (gauge plus chiral,or anomalous) color space and to study changes of gauge
space.
In the gauge sector of SU(2) QCD theory, color solitons were recently reported by
Faddeev-Niemi [2] and Cho et al. [3]. In the quark chiral sector, the Skyrmion model
for constituent quarks (qualitons) was discussed by Kaplan [4], and it was shown recently
[5] that isolated color solitons (i.e. solitons on the background of vacuum gluon field) can
be classically stabilized by the chromomagnetic vacuum field in the cases of two colors, one
flavor and three colors, one flavor, their mass can be evaluated and intersoliton potential
1
displays confinement behavior.
The aim of this Letter is to present novel type of topological color solitons existing in
symplectic subgroup of the extended chiral group Eχ , as well as in complete Eχ . As a
first step we consider isolated solitons which are defined as solitons in vacuum background
field. We describe vacuum in a phenomenogical way [6] through condensates and assume
that cubic gluon condensate is zero.
The extended chiral group Eχ is the group of all gauge and chiral transformations leaving
quark lagrangian invariant, if external fields are transformed accordingly [7]. In absence of
external fields, Eχ is the group of global color and flavor transformations leaving free quark
lagrangian invariant. The basic Dirac spinor Ψ is 8-component, as considered first by Pauli
and Gursey : Ψ =
(
q
qT
)
, and the Dirac lagrangian L can be rewritten as L = 1
2
ΨT F̂Ψ
with F̂ represented in the block form F̂ =
 CΦ −DˆT
Dˆ ΦC
,where Dˆ = iγµ (∂µ + Vµ + γ5aµ)
is the Dirac operator with external fields, ”T” means transposition and Φ = γµ (φ5µ + γ5φµ)
contains external vector diquark fields, Φ = γ0Φ
+γ0 .
To avoid difficulties with the Majorana spinors in finding a counterpart of F̂ in the Eu-
clidean path integral over Ψ, one should take special care [7] keeping in mind that what is
necessary for chiral actions is only to calculate det F̂ . To this end we use the hermitean
operator Ĝ =
 Dˆ Φ
Φ Dˆc
 , Dˆc = C−1DˆTC, with det Ĝ = det F̂ and required positivity prop-
erties [7]. Thus, having in mind the chiral anomaly and related effective action, one should
study transformations of operator Ĝ induced by quark transformation δΨ
δΨ = −ΩΨ, Ĝ→ Ĝ′ = exp (−Ξ + γ5Θ) Ĝ exp (Ξ + γ5Θ) (1)
where antihermitean matrices Ω,Ξ,Θ are given by Ω = ρ11 (α + γ5χ) + ρ22 (α
∗ − γ5χ
∗) +
ρ12 (ξ + γ5ω)C + ρ21 (−ξ
∗ + γ5ω
∗)C Ξ = ρ11α + ρ22α
∗ + ρ12ξ + ρ21ξ
∗,Θ = ρ11χ − ρ22χ
∗ +
ρ12ω − ρ21ω
∗ . We introduced notation: ρab is a 2 × 2 block matrix with elements(ρab)cd =
2
δacδbd . We have α
+ = −α, χ+ = −χ, ξT = −ξ, ωT = ω .The quark baryon number is
bˆ = 1
3
(ρ11 − ρ22) =
1
3
ρˆ3 .
Transformations with Ξ do not change the quark path integral, while transformations
with Θ induce chiral anomalies. The Lie algebras with Ξ + γ5Θ and Ξ + Θ are isomorphic.
For NC colors and NF flavors, generators Ξ + Θ are in algebra of U (2N) , N = NCNF
. Non-anomalous generators α are in algebra of SU (N) and include color SU (NC) ; the
left-right group GLR = SU (N)L × SU (N)R has α, χ as generators, while (Ξ + Θ)sp =
ρ11α+ρ22α
∗+ρ12ω−ρ21ω
∗ is in algebra of symplectic group Sp (2N), because (Ξ + Θ)Tsp iρ2+
iρ2 (Ξ + Θ)sp = 0 . In Eχ non-anomalous generators Ξ are in algebra of the orthogonal group
O (2N) and include in addition to block diagonal generators α also non-diagonal generators
ξ , which arise from non-commutativity of anomalous generators ΘLR = ρ11χ − ρ22χ
∗ and
Θsp = ρ12ω − ρ21ω
∗ [7]. Anomalous generators Θsp of the symplectic group Sp (2N) belong
to the coset Sp (2N) /SU (N) . We see that there are two distinguished subgroups GLR and
Sp (2n) of Eχ with the same block diagonal non-anomalous generators Ξ0 = ρ11α+ρ22α
∗ and
different anomalous parts ΘLR and Θsp , which do not require introduction of additional non-
anomalous generators ξ . In the case of entire group Eχ , anomalous generators Θ include
both χ and ω and belong to the coset SU (2N) /O (2N).
The chiral field is U = expΘ ; calculation of det{exp(γ5Θ)Gˆ exp (γ5Θ)}/ det Gˆ by inte-
gration of anomaly follows the standard bosonization procedure. After eliminating exter-
nal color axial fields, aµ = 0, we get the chiral action for 2N internal degrees of freedom
W (U) =Weff (U)−Wwz with an effective lagrangian Leff (U) and the Wess-Zumino term
WWZ
Leff (U) = trC,F{
f 2ω
4
DµUD
µU−1
+
1
384pi2
[
1
2
[
UDνU
−1, UDµU
−1
]2
− (UDνU
−1UDνU−1)2
]
+
1
192pi2
(
[UDµU−1, UDνU−1](G˜νµ + UG˜νµU
−1) + G˜µνUG˜
µνU−1
)
} (2)
,
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where coefficients contain additional factor 1
2
coming from square root of quark deter-
minant ; Dµ = ∂µ +
[
G˜µ, ∗
]
, G˜µ = ρ11Gµ + ρ22
(
−GTµ
)
+ ρ12Φ¯ + ρ21Φ . The kinetic term
depends on a phenomenological parameter f 2Θ . As in the case of GLR color solitons ...,we
do not take into account the term which contains higher derivatives and reflects presence of
radial excitations.
Consider the symplectic group Sp (2N) with α in SU (N), N = NCNF . The chiral field
Usp is a mapping from S
3 to Θsp = ρ+ω−ρ−ω
∗ with ω = ωT . For the whole group (with both
α and ω) such mappings belong to pi3 = Z . Excluding α we get: (a)Two or three colors,
one flavor: ω = λaωa, a = 1, 3, 4, 6, 8 , no spherical solitons .(b) Two colors, two flavors:
ω = Λbωb , Λb are nine traceless symmetrical matrices σ2 × τ2 and σk˜ × τl˜; k˜, l˜ = 0, 1, 3 ; no
spherical solitons .(c) Three colors, two flavors; non-anomalous part Ξsp is given by 12×12
matrix with α in SU (6) built on SU (3) matrices λa and flavor Pauli matrices τk, while
anomalous part Θsp together with Ξsp span Sp(12) algebra. Symmetric matrix ω contains
fields with diquark quantum numbers associated with both symmetrical matrices λSa × τ
S
k
and both antisymmentrical ones λAa × τ2 . Antisymmetric matrices λ
A = (λ2,−λ5, λ7) ≡
(Ok) ; (Ok)ij = −iεkij in color O (3) algebra we combine with unit coordinate vector rk,rkrk =
1 into rˆ = Okrk. We retain only those parameters ω , which enter with generators of O (3) ,
introduce the shape function Fsp (R) and write the anomalous part Θsp and the chiral field
as
Θsp = ρ+iτ2Okϑk − ρ−iτ2Okϑ
∗
k ≡ iτ2ηrˆFsp, η = ρ1 cosχ− ρ2 sinχ
Usp = expΘsp = 1 + iτ2ηrˆ sinF + rˆ
2 (cosF − 1) , R2 = xkxk (3)
assuming that χ is constant. Isospin matrices Ik = (ρ3τ1, τ2, ρ3τ3) commute with Θsp. Usp
can describe two conjugate color solitons U± =
1
2
(1± τ2η) exp (±irˆFsp(R)) made out of fields
ϑk, ϑ
∗
k with diquark quantum numbers. Θsp satisfies Θ
3
sp = −iΘspF
2
sp . In this special case
transformations close in a smaller group, namely O (6) ∼ SU (4) , and α belong to U(3) ∼
SU(3) × U (1) ,while Goldstone diquark degrees of freedom ηΘsp belong to the complex
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projective space CP 3 = SU (4) /SU (3)×U (1) [7]. Note that η anticommutes with the quark
baryon number bˆ = 1
3
ρ3 . Thus, the commutator
[
Gˆk, Usp
]
with the background vacuum
field Gˆk = ρ11Gk + ρ22
(
−GTk
)
, Gak = VkNˆ
a, Nˆ = λaNa, NaNa = 1 contains anticommutator
{N + NT , rˆ} in order to preserve the form of Usp we have to restrict Ξsp to a common
subgroup O (3) of SU (3) × SU (3)∗ . This is possible for vacuum background field Gak =
VkNˆ
a, Nˆ = λaNa, trNˆ
3 = 0 in the gauge Ga0 = 0. Then Gˆk = ρ11Gk + ρ22
(
−GTk
)
=
(ρ11 + ρ22) VkN˜ , where N˜ = OlNl, N˜
3 = N˜ . Finally, the soliton subgroup Gsol in symplectic
Sp (12) is given by (Ξ + γ5Θ)
sol
sp = iOk (αk + γ5τ2ηrkFsp) + iρ3τ3αF , where αF is a flavor
parameter. For comparison, in the left-right group (Ξ + γ5Θ)LR with both α and χ in
SU (3) algebra the analogue soliton subgroup is (Ξ + γ5Θ)
sol
LR = iOk (αk + γ5ρ3rkFLR) .Thus,
Gsol = O (3)L × O (3)R × U (1)F , but in the left-right group Gsol the baryon direction
ρ3 is replaced by another one τ2η . If we introduce the baryon SU (2)b with generators
(τ2ρ1, τ2ρ2, ρ3)/2i , then τ2η can be reached from ρ3 by rotation.
Complete Eχ group, anomalous generators Θ = (χ, ω) . Two or three colors, one flavor:
Θ is built on generators
(
ρ3λ
A, λS, ρ±λ
S
)
, no spherical solitons, no constituent quarks, if
generators with ρ± are present and Eχ is not reduced to the left-right subgroup. Two colors,
two flavors: no SU(2) and O(3) subgroups in the same sense. Three colors, two flavors :
most general Θ is built on generators
(
ρ3λ
AτS , ρ3λ
SτA, ρ±λ
SτS, ρ±λ
AτA
)
and among them
there are two O(3) subgroups with generators Θ± (O (3)) ∼
1
2
(1± ζ) (λ2,−λ5, λ7) , where
ζ = ρ31τ cosκ + ητ2 sin κ , [Ξ, ζ ] = 0 , and η = ρ1 cosχ − ρ2 sinχ, ζ
2 = 1 , angles κ
and χ are two constant parameters; χ comes from the symplectic group Sp(12), while κ
describes mixing of left-right and symplectic contributions to ζ : when κ = 0 , no symplectic
contribution is present: when κ = pi/2 , there is no left-right contribution. The chiral field
for Eχ in this case is U = exp iζrˆF (R) , it can be obtained by SU (2)b rotation from
Usp or ULR. In this special case Ξ + γ5Θ = iOk (αk + γ5ζrkF ), when Ξ is invariant under
rotations of baryon SU (2)b , no additional gauge parameters ξ arise from repetition of such
transformation. Thus, although we started from different subgroups of the extended chiral
group for NC = 3, NF = 2, the resulting structure of solitonic chiral subgroups is the same:
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it is O (3)L˜×O (3)R˜ , where left L˜ and right R˜ are defined by projectors
1
2
(1± γ5ρ˜) , where
a block matrix ρ˜ with ρ˜2 = 1 , is linear in the Pauli matrices ρ1τ2, ρ2τ2, ρ3 of the baryon
SU (2)b . The reason is that Eχ includes quarks and antiquarks.
Topological charge tχ (U) for a soliton U in the left-right subgroup of Eχ is related to
the quark baryon number b = ρ3/NC
tχ (U) =
1
2
1
24pi2NC
∫
d3xεijktr{ρ3UDiU
+UDjU
+UDkU
+} (4)
and coincides with the baryon number of soliton U . For three colors and NF flavors tχ
starts from 2
3
NF (flavor analogous case is skyrmion as dibaryon studied by Balachandran et
al.[8 ]) . The topological charges for solitons in symplectic subgroup Sp (12) and complete
group Eχ are winding numbers in directions ρ⊥ = τ2η and ρE = ζ within the baryon SU (2)b
-space
tA (U) =
1
2
1
24pi2NC
∫
d3xεijktr{ρAU∂iU
+U∂jU
+U∂kU
+}, A =⊥, E. (5)
and do not describe solitonic baryon numbers. These winding numbers start from
∣∣∣4
3
∣∣∣ .
Boundary conditions for the shape functions F (R) in both cases trivally follow from [9].
Finiteness of soliton mass follows from the static effective lagrangian Leff and asymptotic
behavior of the shape function F (R) at large R. The mass is given by the positive definite
functional, as it can be easily verified; asymptotics of F is defined by the kinetic term. The
kinetic term averaged over directions Nk and νt of background vacuum field G
k
l = VlN
k, Vl =
− pi
2i
εljtrjνtR
√
Cg
2
in O (3) color and coordinate spaces takes the following form
K =
1
4
NFf
2
ω{2F
′
2
+ 2
(
2
R2
+
1
9
pi2CgR
2
)
sin2 F ++(
4
R2
+
1
9
pi2CgR
2) (cosF − 1)2}(6)
where Cg is the gluon condensate. Thus, asymptotic behavior at large R of the shape
function F (R) is governed by the same equation as in the case of color SU (2) soliton in [5].
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We use the result
F → (f0R)
−
3
2 exp
−pi
3
√
Cg
2
R2
 , R→∞ (7)
which guarantees that the mass M = −4pi
∫
dRR2Lstat is finite for positive condensate Cg,
i.e. for chromomagnetic vacuum field. It follows from the effective lagrangian that the
soliton mass is invariant under SU (2)brotation.
We have shown that classically stable, finite mass topological solitons exist in the ex-
tended chiral group Eχ . In the case of three colors, two flavors their status is described by
the special chiral group O (3)L˜ ×O (3)R˜ with notions of left L˜ and right R˜ defined in terms
of 1
2
(1± γ5ζ) , where ζ is a constant non-abelian charge direction in the SU (2)b and ρ3 is
baryon number direction. In the case of isolated soliton, ζ =const. will be a covariant notion,
when ζ commutes with direction Nˆ of background vacuum SU (3) field, as it is for trNˆ3 = 0.
The vacuum background field defines also an asymptotic behavior of the shape function F ;
the field should be chromomagnetic. This pattern based on establishing mapping from S3 to
anomalous part Θ of Eχ and using properties of vacuum background field can be followed
in more complicated cases. This expansion of the world of color solitons is not accompanied
by the widening of pure QCD gauge space: it is still SU(3) ; no additional gauge degrees
ξ were still required to accomodate novel solitons. However, these degrees ξ are likely to
appear, if vacuum is to be described by set of condensates. Novel type of solitons may be
essential in discussion of baryon assymetry and baryon number nonconservation.
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